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1 Introduction 

Frobenius [3] computed the number of pairs of commuting elements of a finite group 
r to be c |r|, where c is the number of conjugacy classes in F and the vertical bars 
denote the cardinality of a set. This formula was generalized by Mednykh |6] who 
computed the number of homomorphisms from the fundamental group vr = ni{W) 
of an arbitrary closed connected oriented surface W to F: 

Here Irr(F) is the set of equivalence classes of irreducible complex hnear represen- 
tations of F, and d is the genus of W . For IV = S'^ x 5"^, this gives the Frobenius 
formula since 7ri(S'^ x 5*^) = 1? and |Irr(F)| = c. Formula ([1]) can be proved by al- 
gebraic means, see Jones [5J, or deduced from Topological Quantum Field Theory 
in dimension 2, see Freed and Quinn 
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The Frobenius-Mednykh formula ([T]) was generalized by Turaev [7] as follows. 
Consider a group epimorpliism q : G' ^ G with finite kernel F. Fix a homomor- 
phism g : 7T = 7Ti{W) —>■ G. Let Homg(7r, G') be the set of all lifts of g to G', that 
is the set of homomorphisms g' : tt G' such that qg' = g. Since vr is finitely 
generated, the set Homg(7r,G") is finite. Note that the action of G on F by outer 
automorphisms induces an action of G on Irr(F). The stabilizer of p G Irr(F) under 
this action is denoted Gp. Then 

|Hom,(7r,G')|= |F| Yl [i^J 9*{Q{m) , (2) 

where (p G H'^iGp] C^) is a cohomology class introduced in [7], and fi'*(Cp)([W^]) ^ 
is the evaluation of g*{Cp) ^ H^{7i;C^) on the fundamental class [W] G 
H2{W) = -^2(71") of W. Here and below the group of coefficients in homology is Z. 
The evaluation in question is induced by the bilinear form x Z — *■ C^, {z, n) 1— > 
z". For G = 1, G" = F, we recover Formula ([T]). 

For W = X S^, Formula ([2]) computes the number of pairs of commuting 
elements of G' projecting to a given pair of commuting elements of G. More 
precisely, let a, /5 G G be such that a/3 = Pa. Set 

L{a, P, q) = {a, 6 G G' I q{a) = a, q{h) = P, and ab = ba} . 

Clearly, L{a,P,q) = Homc,(Z^, G'), where g -.l? = ti\{S^ x S^^ — > G carries the 
generators of 1? to a and /5, respectively. Formula ([2]) implies that 

|L(a,/3,g)|= |F| 9\Qm\) ■ (3) 

peIrr(r),GpD{Q,/3} 

We use this equality to compute g)| for several small groups F. We focus 

on the case where F = = {il? i^? ij? =t^} is the quaternion group. 

Theorem 1 Let 1 —>■ Qg G' G ^ 1 be a short exact sequence of groups. 
For any commuting elements a,P of G, the set L{a,P,q) has 0, 8, 16, 24, or 40 
elements. 

Corollary 2 Let G' be a group with normal subgroup Qs<G' . Let a, b be commut- 
ing elements of G' . Then the number of pairs 71,72 G Qs such that 071 commutes 
with 672 is equal to 8, 16, 24, or 40. 
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Theorem 3 For each n G {0,8, 16,24,40}, there is a short exact sequence of the 

q 

form Qs "-^ G' ^ G and commuting elements a,P of G such that \L{a, P,q) \ = n. 

The existence of commuting hfts of e G to G' may be approached from 
a homological viewpoint. Consider for simphcity the case where a, (3 generate G. 
Let g : 7? ^ G he the homomorphism carrying the generators of 7? to a and 
(3, respectively. Let Ha,i3 ^ H2{G) be the image of a generator of (^^) = ^ 
under the induced homomorphism g^ : i^2(^^) ~^ H2{G). The homology class K^^p 
is well defined, at least up to multiplication by —1. It is clear that if lift 
to commuting elements of G", then Ka^p lies in the image of the homomorphism 
g* : H2{G') —>■ H2{G). This yields a homological obstruction to the existence of 
such a lift. It is easy to give examples showing that this obstruction may be non- 
trivial. The following theorem shows that, generally speaking, this obstruction is 
insufficient. 

q 

Theorem 4 There is a short exact sequence of the form ^ G' ^ G and com- 
muting generators a, (3 of G such that Ha,/3 li^s in the image of the homomorphism 
q, : H2{G') H2{G) andL{a,p,q) = 0.' 

Applying Formula ([2]) to surfaces of genus > 2, we obtain the following theorem. 

Theorem 5 Let l-^Qg^G'-^G^l be a short exact sequence of groups. Let 
d > 2 and at, Pi & G, 1 < i < d be such that Y['i=i['^i^ Pi] = 1- Then there is a 
family {oj, of elements of G' such that q{ai) = ai, qipi) = Pi for all i and 

HiLiN) ^i] = 1- The number of such families is equal to 8'^'''~^{N ± 2^"^'^), where 
iVG {1,2,4}. 

It would be interesting to find out what numbers 8^'^~^(A^ ± 2^"^°') with G 
{1,2,4} are realizable as the number of families as in this theorem. 

The work of the second named author was partially supported by the NSF 
grant DMS-0707078. 

2 Representations and cohomology classes 

We define in this section the cohomology classes (p used in the formulas above. 
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Let q : G' ^ G he a group epimorphism with kernel F (not necessarily finite). 
The group G acts on Irr(r) as follows. For each a E G, choose 5 G q~^{a) C G'. 
Let p : r — > G'L„ (C) be an irreducible representation of degree n > 1. For a E G, 
the map F — * (^^^(C), 7 1— > piccya'^) is an irreducible representation of F denoted 
pa. The equivalence class of pa does not depend on the choice of a. This defines 
a right action of G on Irr(F). 

Given an irreducible representation p : F ^ GL„,(C), let = {a G pa ~ p} 
be the stabilizer of its equivalence class. We now define G H'^iGp] C^) following 
[7]. For each a G Gp, there is a matrix Mq, G GLn{C) such that 

p(575-^) = M,p(7)M-^ (4) 

for all 7 G F. The irreducibility of p implies that Mq, is unique up to multiplication 
by a non-zero scalar. Fix Mq, for all a G Gp. For any a,/3 E Gp, there a unique 
Cp{a,p) G C such that 

p((55)-^5^) = Cp(«, /?) M^. (5) 

One checks that (p : Gp x Gp ^ is a. 2-cocycle. Its cohomology class in 
H'^{Gp;C^) depends only on the equivalence class of p and does not depend on 
the choice of the conjugating matrices {Ma}a- By abuse of notation, we denote 
this cohomology class by the same symbol (p. The arguments below in this section 
show that the cohomology class q*{Cp) ^ H'^{Q~^{Gp);C^) has finite order. If F 
is finite, then we can deduce that (p has finite order in H'^{Gp;C^) so that its 
evaluation on any 2-dimensional homology class of Gp is a root of unity. 

If n = 1, then we can take Ma = 1 G C for all a G G and obtain (p{a,(3) = 
p{[a(5)~^a(3) for all a,/5 G G. In particular, if p is the trivial 1-dimensional 
representation of F, then Cp = 1. 

A similar construction produces cohomology classes of certain subgroups of 
the group A = Aut(F) of automorphisms of F. We define a right action of A on 
Irr(F) hj pip = p o (p for p E A and p G Irr(F). For an irreducible representation 
p : F ^ GL„(C), the stabilizer C v4 of the equivalence class of p consists of all 
(p E A such that there is G GL„(C) satisfying 

pp{j)=M^pij)M-' (6) 

for all 7 G F. The matrix is unique up to multiplication by an element of C^. 
We fix A^^ for all p E Ap and define a 2-cocycle rjp : Ap x Ap ^ by 

M^^ = r]p{p,ilj)M^M^, (7) 
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where ip^ifj G Ap. The class of this co cycle in H'^{Ap;'C^) depends only on the 
equivalence class of p and does not depend on the choice of the conjugating matrices 
{M.ip}ip- This cohomology class is also denoted ?7p. Taking the determinant on both 
sides of ([7]), we obtain that r/" = 1, where n = dim p. The constructions of (p and 
rip are related by the following lemma. 

Lemma 6 Let q : G' ^ G be a group epimorphism with kernel T. Let uj : G' ^ 
A = Aut(r) be the homomorphism carrying a E G' to the automorphism 7 1— *■ 
a'-fa^^ ofT. For any irreducible representation p : F — »• GLn{C) of T , we have 
uj^'^i^Ap) = q^^{Gp). If uj{G') d Ap (or equivalently, if Gp = G), then 

q*{Q=uj*{vp), (8) 

where q* : H^{G;€'') H^{G']€'') and uj* : H^{Ap;€'') H^{G']€'') are the 
homomorphisms induced by q and uj, respectively. 

Proof. The equality uj'^{Ap) = q~'^{Gp) follows from the definitions. For each 
a G G fix 5 G q^^{oi) C G' and set Ma = A^a;{S)- Formula implies (jlj). 

For a G G', set 7^ = (g(a))"^a G F and M+ = Mq(^a)p{la) e GL„(C). Given 
7 G F, we deduce from (jlj) that 

p{a^a-') = p{^)lalla\qi^)V) = Mt p(7) {M^V ■ 
Comparing with ([HD we obtain that M+ = kaM.u){a) for some G C^. 

The 2-cocycle {rjp{ijj{a), uj{b))}afieG' can be computed from the matrices {J^uj{a)}a 
via the identity M.ijj(ab) = '7p('^(«)5 '^(^)) -^w(a) -^a;{6) for a, 6 G G' . The 2-cocycle 
{C,p{q{a),q{h))}a,h&G' derived from the matrices {Ma\a&G can be computed from 
{M+}a. Indeed, for a, 6 G G', we have 

lab = {q{ab)y^ q{a) -fa qip) 7^ 

and ^ 

^1 = Mq(ab) pilab) = Mg(^a)q{b) p{{q{ab))-^ q{a) 7a q{b) 7^) 

= Mg(a)qib) p((g(a6))"^ g(a) q{b)) p{q{b) iaq{h)) p{ib) 
= Cp(g(a), qib)) M,(,) Mq^,)M-^l^ p(7a)M,(,) p(7,) = Cp(g(a), g(6))M+M+ . 

We conclude that the 2-cocycles {Cp{q{(i),q{b))}a,beG' {Vp{^{(^)^^{b))}a^beG' 
differ by a coboundary. ■ 
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Formula ([HD allows us to rewrite Formulas ([2]) and ([2D as follows. Suppose that 
g{7i) = G and g,i[W]) = g,(A) for some A e H2iG'), where : i/2(G") ^ i/slG) 
and (7* : H2{t^) H2{G) are the homomorphisms induced hy q : G' ^ G and 
g : TT = ni(W) G, respectively. Then we can replace 5'*(Cp)([W^]) iii © and ([3]) 
by a;*(?7p)(A). Indeed, 

9*{mW]) = CMIW])) = Cp(g*(A)) = g*(Cp)(A) = ^*(r/,)(A) . 

In particular, if F is finite and G is generated by commuting elements a, (3, then 
([3D gives 

\L{a,(5,q)\= \r\ ^*M(A)- (9) 

peiTT(r),ApDu)(G') 

Note that A as above necessarily exists if L{a, /5, g) 7^ because in this case g lifts 
to a homomorphism g' : it ^ G' and we may take A = S'^fW^]) G H2{G'). Note 
also that if dimp = 1, then rjp = 1 and ci;*(?7p)(A) = 1 for any A G H2{G'). If 
dimp = 2, then u;*(r7p)(A) = ±1 for any A e H2{G'). 

3 Proof of Theorems 1 and 5 

Proof of Theorem m It is well known that in the generators a = i, b = j, the 
group Qs has the presentation {a, 6 | = 1, = 6^, bab~^ = a~^}. Therefore the 
abelianization of Qs gives Z2 x Z2. Consequently, Qs has four homomorphisms 
to = GLi(C), one trivial Xo and three non-trivial XijX2,X3- The equality 
^^gjj,j,Qg(dimp)^ = 8 implies that besides the 1-dimensional representations, the 
set IrrQg has only one element which is the equivalence class of an irreducible 
2-dimensional representation po- This representation can be described explicitly 

Consider the group A = AutQs and its subgroups {A^^}^^q and Ap^. Clearly, 
Axo = = The obvious equality xs = X1X2 implies that the intersection of 
any two of the sets {^xi}«=i>2,3 is equal to the intersection of all three of these sets. 

Replacing if necessary G by its subgroup generated by and replacing G' 
by the pre-image of this subgroup, we can assume that a and /3 generate G. Let 
uj : G' —>■ A = Aut Qs be the homomorphism defined in Lemma The remarks at 
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theendofSection[2]showthatcj*(?7^J(A) = 1 for i = 0,1,2,3 andu*{r]p^){A) = ±1 
for any A G H2{G'). If L{a,(3,q) = 0, then \L{a,P,q)\ = and we are done. If 
L{a,(3,q)^^, then by ©, 

r 0, ..(GO^A. forz = l,2,3; ] 
\L{a, (3, q)\ =8(1+ I 1, cj(G") C for only one i G {1, 2, 3}; > ± 1). (10) 
[ 3, luIg') C for z = 1,2,3. J 

The possible values for the right-hand side are 0, 8, 16, 24, and 40. ■ 

Proof of Theorem Replacing if necessary G by its subgroup generated by 
{ai, AliLi ciiid replacing G' by the pre-image of this subgroup, we can assume that 
the set {ai, generates G. Let W he a. closed connected oriented surface of 

genus d. Let g : Tri{W) ^ G be the epimorphism carrying the standard generators 
of ni(W) to ai, . . . , ad, Pd, respectively. Formula ([2]) yields that 



}lom,{n,G')\=8''-\l+ Yl 9* iU {[W]) + (U m])) ■ (H) 



Since all values of the homomorphisms {xi '■ Qs C^}i=i,2,3 are ±1, the same is 
true for the cocycles {Cxi}j=i,2,3- Hence 5'*(CxJ([^]) — ^- Then the sum 

l + Si5'*(Cxi)([^]) the right-hand side of ([II]) is an integer. Since g*{Cpo){[W]) 
is a root of unity and d > 2, the number |Homg(7r, G')| is non-zero. The same 
arguments as in the proof of Theorem [H show that 



4 Proof of Theorems 3 and 4 

The group A = Aut(Q8) is known to be isomorphic to the symmetric group 5*4. We 
shall identify both A and S4 with the group of rotations of a 3-dimensional cube 
as follows. Let us label the vertices of the cube by {1, 2, 3, 4} such that the vertices 




)• 
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of each main diagonal have the same label, see Figure 1. Let us label the faces 
of the cube by ±i, ±j, ±k so that the opposite faces have opposite labels. Then 
any rotation of the cube defines both a permutation in 6*4 and an automorphism 
of Qs- This establishes the identification of these groups mentioned above. 



-j 


-k 

k 




—i 



3 

Figure 1 



The stabilizers in A of the irreducible representations {xi}i=o and po of Qs can 
be explicitly computed. As mentioned above, — Ap^ — A. 



Lemma 7 Let {A^i C. A}^=i be the stabilizers of the non-trivial 1- dimensional 
representations {xi}\=i of Qs- Then 

a. Every permutation of order A in A — 84^ belongs to exactly one of the groups 

b. A permutation of order 3 in A — S4 belongs to none of the groups {^xi}f=i- 



Proof. The action of A on the set of non-trivial 1-dimensional representations 

of Qs is equivalent to the action on the kernels of these representations. These 
kernels are precisely the order 4 subgroups (i), (j), and (k) of Qg. The action of A 
on these subgroups is equivalent to the action of A on the pairs of opposite faces 
{±0, {±i}, {±k} of the cube. 

Now, a permutation of order 4 in S4 corresponds to a rotation of the cube about 
a line connecting the centers of two opposite faces. Such a rotation stabilizes this 
pair of faces and permutes the other two pairs. This implies the first claim of the 
lemma. 
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A permutation of order 3 in 5*4 corresponds to a rotation of the cube about 
a main diagonal. Such a rotation permutes cychcally the pairs of opposite faces. 
This imphes the second claim of the lemma. ■ 

Proof of Theorem\^ For each n = 0, 8, 16, 24, and 40 we produce two integers 
k,m > 2 and a short exact sequence of groups 

Q^^G'^ Zfc(a) X Z„(/5) (12) 
such that \L{a,P,q)\ = n. Here Zfe(a) denotes the cychc group {a\a^ = 1). 



Case n = 40. Set G = ^2(0) x Z2(/3) and G' = Qs x G. The map q : G' ^ G is 
the projection. Clearly, L{a,(3,q) = {71,72 e Qs | 7172 = 727i}- By Formula ([1]), 
we have \L{a,P,q) \ = 40. 



For n = 8, 16, 24, we proceed as follows. We first produce a sequence (IT^ and 
commuting lifts a, P G G' of a and j3. This allows us to use Formula (fTOj) for 
\L{a,p,q)\. Set A = G i^alG')- The sign cu*{rip^){A) = ±1 in ([10]) will be 
computed from the equation 

-^^(^)-^-(5) = uj*{r]J{A)M^^5)M^0^ , (13) 

where -^<^(5), -^^(^) ^ GL2{C) are any matrices satisfying 

Po(575-i) = A<c.(5)Po(7)A<J(s)' and PoiPlP'^) = ■Mu.(^)Poi^)^~0y (14) 

for all 7 G (cf- (Ej)). Formula ([T3|) follows from the definition of r/p^ and the 
equalities 5/? = /35 and 

WAN V N ^Po(^(5),^(^)) 



Case n = 16. Set G = Z-^^a) x Z^i^P) and G' = x (^3(y) x ^3(-2)), where ?/ acts 
on Qs by t/(i) = j,y{j) = —k, and z acts trivially. The map g : G' ^ G is given 
by qlQs) = 1, q{y) = «, and q{z) = (3. Clearly, a = y and [3 = z commute in G' . 

Since y acts as an automorphism of order 3 on Q^, we have that uj{G') ^ 
for i = 1,2,3 by Lemma [3 Since the action of /3 = z on Qg is trivial, we have 
uj{l3) = 1 and hence uj*{r]p^){A) = 1. Therefore |L(a,/3,g)| = 8(1 + 1) = 16. 
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Case n = 24. Set G = Z2{a) x Z2(/5) and G' = x {^2{y) x Z2{z)), where 
Z2(y) X Z2(-2) acts on by inner automorphisms: 

y{l) = 313~^ ci'iid 2;(7) = i'^i"^ for all 7 G Qs- (15) 

The map g : G" — G is given by ^(Qs) = 1) (liy) = and q{z) = p. Clearly, 
a = y and (3 = z commute in G' . 

We have u{G') C Inn(Q8) C ^ = 1'2,3. It follows from ([15]) that the 

matrices 

Mu^^y) = poij) = J ^ and A^^(^) = po(«) = Q ^■ 

satisfy ([HD. By ([I3]), cu*(r/pJ(A) = -1. Thus, |L(a,/5,g)| = 8(1 + 3 - 1) = 24. 

Case n = 8. Set G = Z2(a) x Z2(/?) and G' = Qie x ^2(-2), where Qie is generated 
by a, b subject to the relations = l,a^ = 6^, bab^^ = a^^, and z acts on Qie by 
2;(a) = and = b. We identify the group (a^, 6) C G' with Qs via a? = i and 
6 = j. The map g : G' ^ G is given by q{a) = a, q{b) = 1, and q{z) = (3. It is 
easy to check that a = ab and P = a%z commute and g(5) = a, g(/5) = [3. 

Note that the conjugation by a induces an automorphism of order 4 of Qg, and 
z acts by an inner automorphism on Q^: 

= 313"^ for all 7 G Qg- 
It follows by Lemma [7] that uj{G') C A^^ for exactly one i G {1, 2, 3}. Since 



aia ^ = —i 



and aja ^ = k, 



the matrix A4ui(a:) has to satisfy 

Po(-«) = A^a;(5)Po(0-^J(5) and po(/i;) = M^{5)Po{j)M~l~y 

We take the following solution: Aiuj{a) = ( ^ n 1 • Similarly, since 



= 2 and = -j, 

we can take M^0-^ = (^q .^'l ) • = -1- Hence \L{a,p,q)\ 

8(1 + 1-1) = 8. 
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Case n = 0. Set G" = Qs^ '^eiv), where y acts on Qg by y{i) = j and y{j) = —k. 
Set G' = G" X ^2(2), where z acts on G" by z{i) = i, z{j) = — j and z{y) = ky. 
Clearly, Qs is a normal subgroup of G' and G'/Qs = Zg x Z2. We have a short 
exact sequence 

gg ^ G" 4> G = Zeia) x Z2(/?) , (16) 
where q{Qs) = 1, ^'(y) = a, and = p. 

We use Formula ([3]) to prove that L{a,P,q) = 0. By Lemma [71 since the 
conjugation by y induces an automorphism of Qs of order 3, it can not stabilize 
non-trivial 1-dimensional representations of Qg. It follows that only xo and po 
contribute to Q: 

\L{a,P,q)\ = 8{g*{U{[W])+g*{U{[W])). (17) 

As mentioned in Section [21 we have 5'*(Cxo)([^]) — 1- Since 5'*(Cpo)([^]) a root 
of unity and \L{a,(3,q)\ is an integer, g*{(p^^){[W]) = ±1. We compute 5f*(CpQ)([W^]) 
from the definition of Cpo Section [21 Put a = y, P = z, and a/? = 5/3. Since 

aia~^ = j and aja^^ = —k, 

the matrix G 6*^2 (C) must satisfy (cf. (|1D) 

M,po (^) = Po (j ) and M,po (j ) = Po ( - /i^) . 

We can take Ma ^ ^ ^ote that p-yP'^ = -2(7) = for all 7 G Qg- 



We can take M, 



/3 



1 
-1 



' — • I 2 I y 1 

The conjugation by aP = aP induces the automorphism | ^- ^ ^ of Qs, and 
hence Map must satisfy 

Ma^po(0 = PoU)Mai3 and Mappoij) = Po{k)Mai3- 



We can take M, 



a/3 



1 1 

i —i 



We have (aP) ^aP = 1 and (Pa) ^Pa = z ^y ^zy = b = j E Qg. Thus, 
Cpoia^P) and Cpo(/^'") satisfy 
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and 

'1 I \ f 1 \ . ,^ . ( I 0\/l-l 



I -I ) \-i J ^"o^^'") V -1 y V ^ t 

Therefore CpQ^a,^) = 1, (pQ{P,a) = —1, and 
Thus \L{a,P,q) \ = 8(1 - 1) = 0. 



Remark. It is possible to obtain \L{a, (3,q)\ = 24 as a combination 8(1 + 1 + 1) 
in Formula (fTOj) . Indeed, set G = Z2(a) x Z2(/5) and G' = Qiq x Z2{z). The map 
q : G' ^ G is given by q{a) = a, q{h) = 1, and q{z) = p. As in Case n = 8 
above, uj{G') lies in exactly one of the stabilizers {A^^}^^i. We choose a = a 
and (3 = z. Since conjugation by /? = z is the identity on Qs = Kerg, we have 
^I^P.Jl'^s,/?) = 1- Therefore |L(a,/?,g)| = 8(1 + 1 + 1). 

Proof of Theorem^ Consider the short exact sequence f|T6|) . As we know, 
L{a,P,q) = 0. We claim that the induced homomorphism : H2{G') H2{G) 
is an epimorphism so that Ka,i3 G Im(g^,). Set T = Qq and consider the exact 
sequence (see P) 

H2{G') ^ H2{G) ^ T/[T,G'] ^ H,{G') ^ iJi(G') ^ 1 . 

The group r/[r,G"] is trivial because [r,r] = {±1}, and, as we saw, there is an 
element of G' whose action on F cyclically permutes the non-trivial cosets of [F, F]. 
Therefore g* is an epimorphism. ■ 



5 Some other non-abelian groups 

In this section we state analogues of Theorem [1] for the symmetric group 5*3, the 
dihedral group of order eight D^, the alternating group of order twelve ^4, and 
the extra-special 2-groups. 
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1. Let 1 ^ S3 G' G ^ 1 he a short exact sequence of groups. For any 
commuting elements a,P of G, we have \L{a,P,q)\ = 18. Indeed, the group 5*3 
has two 1-dimensional representations xo and xi, and one 2-dimensional irreducible 
representation po- Clearly, G stabilizes them all. Formula ([3]) gives 

\L{a,(3,q)\ = \S3\{l + g*{C^J{[W]) + g*{CJ{[W])). 

Since {S3)ab — ^2, the values of xi are ±1. Hence 5'*(Cxi)([^]) — and, since 
(7*(Cpo)([W^]) is a root of unity, \L{a,l3,q)\ 7^0. We can therefore apply Formula ([9]) . 
Since Aut(5'3) = 5*3 and H^^S^] C^) = 1, the co homology class r]p arising from any 
irreducible representation p of S3 is trivial. Hence \L{a, P,q) \ = 6(1 + 1 + 1) = 18. 

2. Let 1 ^ 1^4 ^ G" G ^ 1 be a short exact sequence of groups and a,P 
be commuting elements of G. Then \L{a,P,q)\ = 24 or 40. Indeed, Aut(D4) = 
Z2 X Z2, and all automorphisms of are inner. Hence the action of G on IttID^) 
is trivial. The group D4 has four 1-dimensional representations {Xi}?=o and one 
2-dimensional irreducible representation po- By ([3]), 

\L{a,(3,q)\ = \D,\{l+ 9*{Uim) + 9*{Cpo){m)), 

1=1,2,3 

where fi'*(Cx»)([^]) — and g*{Cpo) is a root of unity. Consequently, L{a,P,q) 7^ 
and we can apply Formula ([9]), where a;*(7y^.)(A) = 1 for all i = 1,2,3, and 
cj*(r/pJ(A) = ±1. Therefore \L{a,p,q)\ = 8(4 ± 1) = 24 or 40. 

3. Let 1 ^ A4 G' G ^ 1 he a short exact sequence of groups and a,/3 
he commuting elements of G. Then \L{a,P,q)\ = 0,24, or 48. Indeed, the group 
A4 has three 1-dimensional representations and a 3-dimensional irreducible rep- 
resentation Po- Clearly, if Aut(y44) = 5*4 stabilizes a non-trivial 1-dimensional 
representation of A4, then it stabilizes all of them. If |L(a,/3,g)| 7^ 0, then by iQ, 

we have \L{a,p,q) \ = 12(1 + | ^ | ± 1) so that \L{a,p,q) \ = 24 or 48. 

Theorem [T] and Example 2 above in this section can be generalized as follows. 
Recall that a finite group F is extra-special if its order is a power of a prime integer 
p, its center Z(T) is isomorphic to Zp, and the quotient r/Z(r) is a direct product 
of several copies of Zp. An extra-special p-group F satisfies [F, F] = ZiT) and 
|F| = fQj, some r, see |H Theorem 5.2]. For example, both Qg and are 

extra-special 2-groups. 
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4. Let r be an extra-special 2-group of order 2^''"'"^ with r > 1. Then F has 
I r/[r,r] | = one-dimensional representations. Since Z{r) = Z2, the group F 
has two conjugacy classes or order 1. All other conjugacy classes in F have exactly 
two elements. Indeed, if Z{T) = {1,0"} with a G F, then the conjugacy class of 
7 G G — Z{T) is equal to {7, crj}. It follows that F has 2^*^ + 1 conjugacy classes. 
Hence F has a unique irreducible representation po of dimension greater than 1. 
The equality ^^gjj.j.p(dimp)^ = |F| implies that dimpo = 2^- 

Let 1— i>F— ^G'-^'G^lbea short exact sequence of groups and a, (3 be 
commuting elements of G. Formula (Q implies that either \L{a, f3,q) \ = or 

\L{a,(3,q)\ = 2'^+\l + N±l) 

where is the number of non-trivial 1-dimensional representations of F stable 
under the action of G by conjugations. 
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